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ABSTRACT 

The  role  of  the  null  electromagnetic  field,  within  the 
framework  of  classical  relativistic  electrodynamics,  has  never  been 
fully  established.  The  object  of  this  dissertation  has  been  to 
present  a  large  class  of  solutions  to  the  Einstein-Maxwell  null  field 
equations.  It  has  been  found  that  the  nature  of  the  solutions  depends 
on  the  form  of  a  fundamental  null  vector.  In  the  cases  for  which  the 
divergence  of  this  vector  vanishes,  an  extensive  class  of  solutions 
has  been  obtained.  The  alternate  case,  when  the  divergence  is  non¬ 
zero,  has  not  been  fully  investigated.  In  the  latter  case,  it  has 
been  possible  to  obtain  a  particular  solution  only. 
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CHAPTER  I 


Introduction 

In  the  latter  half  of  the  nineteenth  century  Clerk  Maxwell 
formulated  a  theory  of  electrodynamics,  the  first  mathematically  consistent 
theory  to  successfully  describe  electromagnetic  phenomena  in  terms  of 
fields.  Although  Michael  Faraday  introduced  the  field-concept  into 
electrodynamics  about  thirty  years  before  the  appearance  of  Maxwell’s 
work,  he  was  unable  to  provide  a  complete  mathematical  theory  for  the 
description  of  his  empirical  results.  Applying  Faraday's  ideas,  Maxwell 
produced  such  a  theory,  a  theory  that  is  still  the  accepted  formulation 
of  classical  electrodynamics. 

Maxwell's  theory  is  a  macroscopic  theory,  describing  the 
electrodynamic  properties  of  ponderable  bodies.  The  success  of  this  work 
prompted  Lorentz  [1]  to  suggest  a  generalization  which  attempted  to 
describe  the  behavior  of  electrons.  The  Lorentz  theory  was  based  on  the 
Newtonian  concepts  of  space,  time,  mechanics  and  gravitation  and  in 
addition  the  following  assumptions  were  made, 

(i)  There  exists  a  reference  frame  which  is  in  a  state  of 
absolute  rest, 

(ii)  All  electrodynamic  phenomena  are  determined  by  two 
fundamental  entities,  the  electric  field  E  and  the 
magnetic  field  if,  quantities  that  are  defined  in  the 
above  frame  of  reference  by 

=  p(E  +  u  X  H)  , 


F 


(i.i) 


_2_ 

F  being  the  force  exerted  on  a  unit  volume  having  charge  density  p  and 

velocity  u. 

(iii)  The  field  equations  satisfied  by  E  and  H  are 


div  1?  = 

0  , 

(1.2) 

curl  E  = 

1  d  H 

c  yr  ’ 

(1.3) 

div  E?  = 

p  > 

(1A) 

— > 

curl  H  = 

1  — *  — > 

1  0  E  p  u 

(1.5) 

where  c  denotes  the  velocity  of  light. 


The  above  formulation  was  not  invariant  to  coordinate 
transformations  determined  by  frames  of  reference  which  were  not  at  rest. 
It  was  only  in  frames  of  reference  at  absolute  rest  that  equations  (l.l) 
(1.5)  were  assumed  to  be  true.  For  example,  suppose  that  X  is  a 
rectangular  cartesian  coordinate  system  which  is  at  rest  and  X’  is  a 
similar  frame  which  was  coincident  with  X  at  time  t  =  0  but  is  moving 
in  the  positive  x-direction  at  a  constant  velocity  v.  The  Newtonian 
concept  of  kinematics  implied 

x '  =  x  -  vt  , 

y'  =  y  , 

(1.6) 

z '  =  z  , 

t'  =  t  . 
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A  simple  calculation  shows  that  equations  (1,1)  -  (l„5)  do  not  hold  in 
reference  frame  X' . 

Lorcntz  [2]  was  aware  of  this  implication,  and  proved  that  the 
field  equations  were  invariant  to  transformations  of  the  form 


x'  =  p(x  -  vt) 

y'  =  y  > 

z '  =  z  , 


(1.7) 


where 


(1.8) 


In  the  new  coordinate  system,  the  field  quantities  E'  ,  H*  and  p*  are 
given  by 


E' 

x 


E  , 

x  7 

E  *  =  (3(  E  -  v/c  H  )  , 

y  y  z 

E*  =  0(E 
z  s  z 

+  v/c  Hy)  , 

(1.9) 

H  , 

X 

H'  =  3(H  +  v/c  E  )  , 

y  y  z 

H'  =  p( H 
z  x  z 

-  v/c  Ey)  , 

(1.10) 

U  V 

P'  =  P  3(1  -  JL~)  .  (1.11) 

^2 


Lorentz  did  not  see  the  implications  that  his  work  might  have  on  the 
fundamental  concepts  of  space  and  time.  Such  implications  were  introduced 
by  Einstein  [3]>  and  incorporated  into  his  special  theory  of  relativity. 


s 
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By  modifying  some  of  the  fundamental  assumptions  of  kinematics,  Einstein 
was  able  to  show  that  equations  (1.7)  are  indeed  an  acceptable  set  of 
transformation  equations  determined  by  X  and  X' .  Furthermore  the 
principle  of  relativity  implied  that  E*'  ,  if'  and  p'  are  the  corresponding 
electrodynamic  quantities  as  measured  in  the  moving  frame.  An  important 
consequence  of  this  conclusion  is  that  there  is  no  real  distinction  between 
electric  and  magnetic  fields.  A  field  which  seems  to  be  purely  electric 
in  one  frame  could  appear  to  be  partially  magnetic  in  another. 

Although  the  special  theory  was  to  some  extent  obtained  through 
electromagnetic  considerations,  it  soon  became  evident  that  the  theory 
implied  other  fundamental  changes.  For  example,  the  theory  predicted 
that  mass  and  energy  are  equivalent  entities.  From  this  equivalence, 
one  might  suspect  that  the  energy  of  the  electromagnetic  field,  and  hence 
the  field  itself  would  be  influenced  by  the  presence  of  gravitating  matter. 

For  some  years  the  Newtonian  theory  of  gravitation  and  the 
Maxwell-Lorentz  theory  of  electrodynamics  existed  as  two  disjoint  theories 
designed  to  describe  what  was  believed  to  be  independent  physical 
phenomena.  The  special  theory  of  relativity  gave  the  first  indication 
that  gravitational  and  electromagnetic  fields  might  be  two  seemingly 
different  manifestations  of  one  and  the  same  field.  Einstein  wholeheartedly 
accepted  this  view  and  spent  almost  forty  years  in  an  attempt  to  design 
a  unified  field  theory  which  would  describe  both  gravitational  and  electro¬ 
magnetic  phenomena. 

In  1908  Minkowski  [4]  expressed  the  concepts  of  special  relativity 
in  terms  of  a  four  dimensional  pseudo-Eucl idean  space,  a  formulation  that  led 
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Eiustein  to  the  discovery  of  the  general  theory  of  relativity.  In  the 
Minkowski  formulation,  a  physical  event  is  considered  to  be  a  point  in  a 
complex  four-space  with  coordinates  (x,  y,  z,  ict).  The  history  of  a 
particle  is  described  by  a  curve  in  this  space-time. 

Minkowski  referred  to  these  curves  as  world-lines  and  felt  that 
the  ultimate  formulation  of  dynamics  would  be  in  terms  of  such  paths. 
Unfortunately  his  untimely  death  prevented  him  from  exploiting  his  ideas 
and  the  work  of  Minkowski  remained  as  an  equivalent  formulation  of  the 
special  theory  of  relativity. 

Einstein  [5]  attempted  to  geometricize  physics  in  the  sense 
that  physical  phenomena  would  influence  and  be  detected  by  the  geometrical 
structure  of  the  space-time  continuum.  To  accomplish  this  purpose  he 
assumed : 


(i)  the  laws  of  physics  are  the  same  for  all  observers, 

i.e.,  the  equations  which  express  physical  laws  are  form 
invariant  (covariant)  under  the  general  group  of  four¬ 
dimensional  coordinate  transformations, 


(ii)  space-time  is  a  four  dimensional  Riemannian  manifold  with 
signature  +  2;  an  event  is  a  point  in  such  a  space  and 
the  distance  ds  between  two  events  is  given  by 


ds2 


dx1  dx'' 


(1.12) 


where  the 


i,j  =  1,  2,  b  ;  are  functions  of  the 


real  coordinates 


i  -  1,  2,  ^  » 


Some  years  earlier,  Ricci  and  Levi-Civita  had  developed  a  branch 


of  analysis  called  the  calculus  of  tensors  which  was  designed  to  generate 
covariant  expressions.  Einstein  found  this  theory  to  be  ideal  for  the 
mathematical  formulation  of  his  physical  ideas.  The  set  of  functions  g^ 
are  the  components  of  the  so-called  metric  tensor,  a  tensor  that 
characterizes  the  structure  of  space-time. 


Einstein  assumed  that  the  path  of  a  free  particle  in  a  purely 


gravitational  field  would  be  a  geodesic  in  space-time.  In  addition  to 

its  geometrical  interpretation,  the  metric  tensor  acts  as  a  generalization 

of  the  Newtonian  gravitational  potential.  To  obtain  a  complete  theory 

of  gravitation,  Einstein  was  faced  with  the  problem  of  determining  a  set 

of  field  equations,  which,  together  with  boundary  conditions,  would 

determine  the  components  of  the  metric  tensor.  Using  the  classical 

gravitational  equation  of  Poisson  as  a  guide,  Einstein  required  that  the 

field  equations  be  second  order  partial  differential  equations,  linear  in 

the  second  derivatives  of  g...  It  can  be  shown  that  the  simplest  tensor 

ij 

which  linearly  involves  the  second  derivatives  of  the  g. .  is  the  Ricci 


tensor, 


where 


dx 


d.i4) 


(1.15) 
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relativistic  analogue  of  Laplace's 
these  equations  to  be  the  field  eq 
he  assumed,  as  field  equations, 


equation  to  be  R 
uations  for  empty 


ij 

space 


0 


and  assumed 
Inside  matter 


R.  . 
ij 


2  §ij 


R 


(1.16) 


where  R  =  g1^  R^  ,  k  is  a  constant,  and  is  the  so-called  energy 

momentum  tensor.  It  was  assumed  that  the  energy-momentum  tensor  is 

determined  by  the  physical  properties  of  gravitational  matter.  In  fact, 

T. .  is  defined  in  a  Minkowski  reference  frame  (i.e.  one  in  which  g. . 
ij  ij 

has  the  diagonal  form  [-1,  -1,  -1,  1])  by 


T.  . 
ij 


p 

XX 

p 

xy 

Pxz 

Cgx\ 

Pyx 

pyy 

pyz 

cgy 

Pzx 

»zy 

Pzz 

Cgz 

Cgx 

cgy 

cgz 

p 

c  P 

(1.17) 


where  the  p's  are  the  components  of  absolute  stress,  g  is  the  momentum 
density  and  p  is  the  mass  density.  The  conservation  laws  for  mass  and 
momentum  are  expressed  by  the  relation 


(1.18) 


where  the  semi-colon  denotes  covariant  differentiation  with  respect  to 


the  Christoffel  symbols. 


.  •  •  •'  • 

V- 


f 
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Electromagnetic  fields  were  incorporated  into  the  theory  by 
means  of  the  energy-momentum  tensor  and  Einstein  was  able  to  show  that 
a  suitable  expression  for  this  tensor  was 


(T.  .  ) 
v  lj 'em 


-  F.  F.a  +  i  g. .  F  Fa3 
1a  j  4  ij  a3 


(1.19) 


where  F_  is  the  electromagnetic  tensor, 
reference,  F  is  given  by 


In  a  Minkowski  frame  of 


F.  . 
1J 


H 

z 

0 


H 


x 


0 


) 


(1.20) 


For  source  free  space,  the  field  equations  were  assumed  to  be 


R.  . 
3-J 


x 

2 


gU  R 


=  k(F.  F. 
ia  j 


a 


(1.21) 


r  +  F 

ij,k  jk,i 


+  F 


ki,  j 


=  0 


(1.22) 


F 


ij 


;j 


=  0 


(1.23) 


where  (1.22)  and  (1.23)  are  the  covariant  versions  of  the  Maxwell- 
Lorentz  free-space  equations. 


'  ;  '  ■ 


■ 
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Einstein  considered  the  above  formulation  to  be  an  interaction 
theory,  not  a  unified  field  theory.  Indeed,  he  went  on  to  study  many 
generalizations  of  his  1915  theory  which  he  hoped  would  lead  to  the  complete 
unification  of  the  electromagnetic  and  gravitational  fields. 

In  1924,  Rainich  [6]  provided  an  interesting  variation  of  the 
above  mentioned  theory,  Rainich  showed  that  the  Einstein-Maxwell 
equations  were  equivalent  to 


R  =  0 


(1.24) 


R. 

ia 


1. 

u 


5J.  R  Q 
1  a(3 


(1.25) 


a.  ,  -  a.  .  =  0  , 


where 


(1.26) 


i 

a 


iJki  R.  „  Ra, 

_ ja;k  l 


Rap  R 


ab 


(1.27) 


provided  that  the  electromagnetic  field  is  non-null.  The  Rainich  result, 
later  duplicated  by  Misner  and  Wheeler  [7],  shows  that  the  general  theory 
might  be  regarded  as  a  true  unified  field  theory,  for  all  fields  are  now 
determined  by  the  metric  tensor. 


An  electromagnetic  field  is  null  if  and  only  if 


F.  .  =  0 

ij 


eijU 


F,  .  F 
1J 


(1.28) 


For  such  fields  it  can  be  shown  that 


* 


■ 
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,a(3 


0 


(1.29) 


(1.30) 


Hence,  the  a/*-  as  defined  in  (l,27)  is  now  indeterminate  and  the  field 


equations  become  meaningless. 


The  physical  significance  of  null  fields  has  not  yet  been 


established.  Rainich  believed  that  the  electromagnetic  field  tensor 
should  resemble  an  analytic  function.  In  that  case,  the  vanishing  of  the 
invariants  (1.28)  in  one  region  of  space  would  imply  that  they  vanish 
everywhere.  Since  there  are  regions  where  these  invariants  are  non¬ 
zero,  then  they  would  have  to  be  non-zero  everywhere  except  for  isolated 
points.  Hence,  Rainich  felt  that  null-fields  do  not  exist.  The  fact 
that  the  Rainich-Misner-Wheeler  description  of  electromagnetism  broke 
down  for  null-fields  gave  rise  to  a  conjecture  by  Witten  [8]  that  non¬ 
trivial  null-fields  might  be  ruled  out  by  the  Einstein-Maxwell  equations. 
However,  Hlavaty  [9]  demonstrated  that  all  source-free  fields  can  be 
geometricized  and  has  produced  examples  of  such  structures. 


The  object  of  the  present  thesis  is  the  mathematical  determination 


of  null-field  solutions  to  the  source-free  relativistic  electromagnetic 
field  equations,  a  problem  that  has  been  considered  under  specialized 
conditions  by  other  authors.  Our  procedure  will  show  that  the  general 
situation  can  be  obtained  by  the  separate  discussion  of  three  cases. 


V 


.. 
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For  the  first  case,  the  general  solution  has  been  provided.  The  second 
and  third  cases  are  more  involved  and  the  general  solution  has  not  been 
obtained,  Hovjever,  even  for  these  cases,  it  has  been  possible  to 
exhibit  an  extensive  class  of  solutions. 


■ 
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CHAPTER  II 


Preliminary  Results 

By  using  a  suitable  choice  of  units  it  can  be  shown  that  the 
Einstein-Maxwell  field  equations  may  be  put  in  the  form 


R. .  =  F.  F.a  +  *F.  *F.a  , 

ij  ia  j  ia  j 

(2.1) 

f\  .  =  0  , 
j;1 

(2.2) 

*f\  .  =  0  , 
j;1 

(2.3) 

where 


*F.  .  =  i  sP g  e.  ..  ,  F 

1J  *  Ijki 


ki 


(2A) 


When  F„  is  a  null  field,  it  has  been  shown  (see  [7])  that 


F . .  =  w.  e.  -w.  e. 
3-J  i  J  J  i 


(2-5) 


*F..  =  w .  h .  -  w .  h . 
ij  L  J  J  1 


(2.6) 


R. .  =  2w.  w.  ,  (2.7) 

lj  1  J  7  VI/ 


where  w.  is  a  null  vector:  e.  and  h.  are  unit  vectors:  and  w.  , 
i  'ii  7  i  7 

ei  7  ^i  are  0rth080na-*-  to  ea°h  other.  Although  the  vector  is 

uniquely  determined  (except  for  its  algebraic  sign),  the  vectors  e^  and 
h.  are  determined  only  up  to  additive  multiples  of  w. .  For  every  pair 


' 
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of  scalars  (£,t])  ,  the  replacement  of  e^,  and  in  (2,5)  and  (2.6) 

by  e^  and  h^  given  by 


e! 

i 


e , 
x 


+  I  wi  , 


(2.8) 


h !  =  h .  +  ri  w . 

i  i  1  l 


(2.9) 


leaves  the  electromagnetic  field  tensors  F  and  *F„  unchanged. 


If  P  is  an  arbitrary  point  in  space-time,  then  there  exists 


a  system  of  coordinates  such  that  the  metric  tensor  g. .  and  the  vectors 

ij 

Wi  ,  e_j,  ,  tu  ,  have  the  following  forms  at  P: 


(2,10) 


=  (1,  0,  0,  0)  , 

=  (o,  0,  1,  0)  , 

h.  =  (0,  0,  0,  1)  . 


If  a_^  is  a  vector  defined  by 


a . 

l 


i 

w 


1 


) 


=  0  , 


a . 
i 


=  0 


0  , 


(2.11) 


(2.12) 

(2.13) 


(2.14) 


' 
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then  at  P 


.  =  ( 0 ,  1,  O,  0)  , 


(2.15) 


From  (2,10),  it  follows  that  a  covariant  form  of  the  metric  is  given  by 


g. .  =  w.  a.+w.a.+e.  e.+h.h. 

ij  1  J  J  1  1  J  1  J 


(2.16) 


Hence,  a  determination  of  the  vectors  w^  ,  a^  ,  e^  and  h_^  is  equivalent 
to  a  determination  of  the  metric  tensor. 


From  (2.2),  (2.3),  (2.7),  and 


8ij;k  °  * 


(2.17) 


R1J  .  =  0  , 

y  J 


(2.18) 


it  is  possible  to  obtain 


w.  .  e~*  +  w.  e^  .  -  e.  .  -  e.  w~*  .  =  0  ,  (2.2a) 

ijj  1  ijj  1  j-j 


w .  .hJ  +  w.hJ  .  -  h.  .wJ  -  h.wJ  =  0  , 

iJJ  1  JJ  IJJ  1  JJ 


(2.3a) 


w  w.  .  =  0  , 

1 J  J 


e  e .  .  =  0  , 

iJ  J 


h  h .  .  =  0  , 

x>  J 


1  1  n 

w  e .  .  +  e .  w  .  =  0  , 

iJJ  1  JJ 


(2.17a) 


w  h.  .  +  h .  w  .  =  0  , 

IJJ  1  J  J 


,1  ,  1 
h  e .  .  +  e .  h  .  = 

iJJ  1  JJ 


0 


'( 
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W" 


W  , 


+  w  w. 


0 


By  evaluating  at  the  point  P  ,  one  obtains 


The  characteristic  equation  of  the  symmetric  tensor 


w.  . 

ij 


=  2  (w.  .  +  W  .  .  ) 

i;  j  j;i 


is 


iwij“A  giji  = 


w 


11 


i  i  . 

•2W  .-A 


I  1 
-2W 


0 


w13  W14 


0 


w 


15 


w 


lb 


0 


0 


w1  .  -A 
;  i 


o 


0  w  .  -A 


Hence,  w„  has  the  two  real  eigen  values 


1 

2 


i 


w 


y 


i 


(2.18a) 


(2.19) 


(2.20) 


0  .  (2.21) 


(2.22) 
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Further . 


■ ,  A,  ^  A_  unless  w1.  .  =  0  .  Equation  (2.2l)  enables  us  to 
12  J  l 

enumerate  the  various  possibilities  for  the  elementary  divisors  of 

|w.  .  -  A  g.  .1.  By  Eisenhart  [11],  one  can  classify  the  reductions  of  the 

1  l  j  l  j  1 

tensors  w,  .  and  g...  These  reductions  lead  to  the  following  three 
ij  ij 

situations : 


Case  I. 


The  condition 


ik 

w.  .  w  =  0  , 

ij 


(2.2?) 


implies 


W  ...  =  W, ,  =  w^  =  0  . 


13 


(2.23a) 


and  the  elementary  divisors  of  (2,21)  are  then 


A2  ,  A  ,  A  . 


Eisenhart  states  that  there  is  a  coordinate  system  in  which 


1 0  10  0 
10  0  0 


0  0  k_  0 

3 

\  0  0  0  k^ 


(2.24) 


w.  . 
ij 


I  0  0 

0  0  0 

0  0  0 

\o  0  0 


(2.25) 


'  -< 
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at  the  point  P, 


Case  II,  If 


jk 

w.  .  w 
ij 


/ 


0 


and 


i 

w 


0  , 


(2.26) 


(2.27) 


then  the  elementary  divisors  are 
A5  ,  A  . 


The  metric  tensor  is  as  given  in  (2.24)  and  w_  now  has  the  form: 


w.  .  = 

ij 


/  0 
0 
0 
\  0 


0 

0 

I 

0 


0 

1 

0 

0 


0 

0 

0 

0 


(2.26) 


Case  III,  Finally,  if 


w 


=  -  a.  /  0  , 


(2.29) 


the  elementary  divisors  are 


(A  -I  a2)2  ,  (A  +  ag)  ,  (A  +  a2)  . 


Again,  the  metric  is  as  given  in  (2,24)  and  w  is  given  by: 
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w .  . 
ij 


0 

0 

0 


0 


0 


-k  <x 

3  2 


(2.30) 


A  detailed  discussion  of  each  of  the  above  cases  is  given  in 
subsequent  chapters. 
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CHAPTER  III 


Discussion  of  Case  I 

If  a  coordinate  system  is  chosen  such  that 


0 

1 

0 
\  C 


1 

0 

C 

0 


0 

0 

1 

0 


0 
0 
0 

1 


(3.1) 


wi  =  (1,  0,  0,  o) 

e.  =  (0,  0,  1 ,  0) 


ai  =  (0,  1,  0,  0)  , 

h.  =  (0,  0;  0,  1)  , 


(3.2) 


then  the  field  equations,  together  with  the  condition 


jk 

w.  .  w 
ij 


0 


imply 


(3.3) 


W.  . 

1J 


/  ai 

0 

0 

0 


0 

0 

0 

0 


0 

0 

0 

0 


0 
0 
0 
0/ 


Hence, 


W  .  . 

i;  j 


a 


0 


0 


0  0  0 


0  0 


0 


(3>) 


(3.5) 
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where  the  a's  may  be  regarded  as  unknown  invariants  evaluated  at  P. 
Similarly,  equations  (2,2a),  (2«3a),  (2,17a)  and  (2,14)  may  be  used 
to  obtain 


e .  . 

i;  j 


h.  . 

i;  j 


a .  . 

j 


K 

^2 

P3 

P4N 

\ 

a_ 

0 

0 

-a 

3 

5 

,  (3.6) 

0 

0 

0 

0 

P5 

-a5 

tf*" 

OJ 

OJ 

■ 

/ 

/71 

7S 

r3 

0 

a 

0 

4 

5 

,  (3.7) 

-P= 

a_ 

-2a, 

2a, 

5 

5 

4 

3 

\  0 

0 

0 

0  / 

^  0 

0 

0 

°\ 

-al 

0 

■a3 

(3.8) 

-pl 

-p2 

-P3 

-p4 

,-7l 

”72 

-73 

’V 

If  one  introduces  the  vectors 


a.  =  a  w.  +  cl  e,  +  cl,  h,  , 
l  1  l  3  1  4  1 


P.  =  P,  w.  + 

i  1  i 


P2  ai  + 


P3  ei  + 


P4hi 


*1  s 


w. 


x  +  72  ai  +  73 


e.  + 

l 


74 


h. 

l 


—  a,  w .  +  cc  h .  , 

3  i  5  i 


(3.9) 

(3. 10) 

(3.U) 

(3. 12) 
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\  wi  ‘  a5  ei  ' 


(3. 13) 


k  -  p5  wi  -  a5  ai  +  2\  ei  -  2a3  hi  ’ 


(3. 11*) 


then  equations  (3.5)  "  (3.8)  may  t>e  expressed  covariantly  as 


w.  .  =  w.  a.  +  e .  £ .  +  h.  q .  , 
i}J  i  J  i  J  i  'j 


(3. 15) 


i.  .  =  w.  P .  -  a.  £  .  +  h.  £  .  , 
i;  j  i  j  i  j  i  j 


(3. 16) 


i.  .  =  w.  7 .  -  a.  n .  -  e.  t .  , 

i;  J  i  J  i  J  i  J 


(3. 17) 


a.  .  =  -  a.  a.  -  e.  |3.  -  h.  7. 

i;j  1  j  1  j  1  '3 


(3.18) 


The  integrability  conditions  for  equations  (3.15)  -  (3.18)  are 


a  T. 

W.  ,,  -  W.  ,  .  =  V7  R  .  ..  , 

x; jk  i; kj  aijk 


(3.19) 


a  „ 

a.  -  a.  ,  .  =  a  R  .  ..  , 

xjjk  1; kj  aijk 


(3.20) 


a 

e ,  —  e ,  .  .  —  e  R...  . 

i;jk  1; kj  aijk 


(3.21) 


hi;jk  ”  hi,kj 


a 
h  R 


aijk  * 


(3.22) 


Equations  (3.19)  -  (3.22)  are  sufficient  to  specify  R.  at  the 

i  Jkii 

point  P.  Since  the  components  of  R  ^  involve  the  a's  ,  p's  and 
7 ' s  , 


the  identities 


-22- 


Rijki  Rjiki  Rijik  ’ 


(3.23) 


Rijk,e  "  Rkiij  ' 


(3.24) 


R.  ..  B  +  R.i  n .  +  R,  -  0  , 

ljki  ikij  iijk 


(3.25) 


and  the  field  equation 


a 


R 


i  ja 


2w.  w  .  , 

i  J 


(3.26) 


produce  a  set  of  first  order  partial  differential  equations  which  may  be 

used  to  determine  the  unknown  invariants.  The  computations  leading  to 

the  R.  ..  .  are  straightforward  but  space-consuming.  For  convenience, 
i  j  tc  x/ 

these  calculations  are  omitted.  The  appendix  contains  a  list  of  the  non¬ 
zero  components  of  the  curvature  tensor. 

The  set  of  equations 


R22  R3223  +  R4224  °  ; 


(3.27) 


R23  R1232  +  R4234  0  ’ 


(3.28) 


R24  R1242  +  R3243  0  ' 


(3.29) 


R33  2  R233l  +  R4334  "  0  ' 


(3.30) 


R34  R234l  +  R243l 


o 


(3.31) 
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RW  ■  2  R244l  +  R3443 


o 


(3.32) 


R2134  +  R234l  +  R24l3 

give  rise  to  the  set 


a5 

0 

(3.33) 

a3,2 

=  0  , 

%2  =  °  ' 

(3.3*0 

a 

3;  3 

=  3  oo42  , 

a4,3  =  -3a3\  - 

(3.35) 

a  . 

3A 

=  -3  S,  \  , 

\,k  ‘  5a/  < 

(3.36) 

equations  that  hold  at  the  point  P.  This  latter  restriction  can  be 
relaxed  by  writing,  for  example, 


cp  w.  -{■  3  o^2  e. 


3a3<\ 


h. 

l 


(3.37) 


where  cp  is  undetermined.  The  integrability  condition  for  (3.37)  is 


a  .  -  a  .  =  0  , 

3>i;j  3,j;i 


(3.38) 


a  set  of  equations  that  yields 


a 3  =  \  -  0  . 


(3.39) 


Hence,  (3.15)  becomes 


w .  ,  =  a  w ,  w . 

iJJ  1  i  J 


(3>o) 
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The  fact  that  w. 

iJ  J 

i.e,  we  may  put 


is  a  symmetric  tensor  implies  that 


w . 
1 


is  a  gradient^ 


w , 

1 


> 


where  w  is  some  invariant. 


(5.M) 


It  is  well  known  (see  Eisenhart  [12])  that  there  exists  a 
coordinate  system  in  which  w1  has  the  form 


w1  =  (0,  w2,  0,  0)  ,  (3M) 

at  all  points  in  the  space.  Since  w^  is  a  null  vector  then 

=  0  ,  (3  A3) 


in  this  system  of  coordinates.  To  avoid  a  non-trivial  solution,  it  is 

1  3 

necessary  to  assume  that  w  is  a  function  of  at  least  one  of  x  ,  x  , 
x  .  There  is  no  loss  of  generality  in  assuming  that  w  is  a  function 
of  x\  This  being  the  case,  the  transformation 


=  1  -2  2 
X  =  W  ,  X  =  X 


(3  M) 


has  a  non-zero  Jacobian  and  in  the  new  coordinate  system 

w.  =  (l,  o,  o,  o)  ,  (3.45) 

while  equation  (3.42)  remains  unchanged. 

Since  w1  is  orthogonal  to  e^  ,  then 

e£  =  e^,  e^)  ,  (3.^6) 


Also,  (3,16)  implies 


-  r, -rr  .  «  ■ 


-  . 
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e.  .  -  e.  .  =  e.  -  e.  .  =  3_(w,  a.  -  w.  a.) 

j.1  >-;j  j;1  2V  i  j  j  i' 

+  P3(wi  -  Wj  e.)  +  (3^  -  35)(w.hj  -  w^h.)  , 


(3.47) 


from  which  one  obtains 


e,  _  =  0  ,  e,  _  =  0  ,  e_  ,  -  e,  _  =  0 

3,2  4,2  3,4  4,3 


(3.48) 


The  general  solution  to  (3*48)  is 


e3  =  ",3  ' 


ei.  =  u 


,4  ' 


(3.49) 


where  p  can  be  chosen  to  be  independent  of  x2 .  Hence 


e  =  u  .  +  £  w.  , 


(3-50) 


and  since  F_  is  independent  of  the  value  of  £  ,  we  may  choose 

%  =  o. 


Similarly,  we  may  put 


h.  =  v  .  , 


(5-51) 


where  v  is  independent  of  x2.  Since  e^  and  h^  are  unit  vectors, 

3  4 

then  p  and  v  must  be  functions  of  x  and  x  .  If  p  is  assumed 

3 

to  be  a  function  of  x  ,  then  the  fact  that  e^  is  orthogonal  to  h^ 

4 

implies  that  v  must  be  a  function  of  x  .  Hence  the  transformation 


-1 


-3 


X  =  X  ,  X  =X  ,  X  =  p  ,  X  =  V  , 


(3.52) 


is  admissible  and  in  the  new  system  of  coordinates  we  will  have 


,  h_^  -  (0,  0,  0,  l) 


e.  =  (0,  0,  1,  0) 


(3-53) 
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Finally,  if  we  put 


(3. 5*0 


the  form  of  w^ 


e.  and  h.  will  be  unaffected  but  w1  reduces  to 

l  l 


w 


1  =  (0,  1,  0,  0)  . 


However,  a.  will  now  have  the  form 
’  l 


a.  =  (a,  1,  3,  y)  , 


(3.55) 


(3.56) 


where  a,  3  and  y  are  unknown  functions. 


Equation  (2,16)  determines  the  form  of  the  metric  tensor.  Hence  , 


I  2a  1  3  7 

1  0  0  0 

(3010 


(3.57) 


o  o  l  / 


y 


(3.56) 


(3.59) 


Equations  (3.^-0)  and  (3.^5)  imply 
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lij}  =  0  >  1  /  1  /  i 


(3.6o ) 


This  equation  is  satisfied  identically  except  when  i  equals  one  and  j 
is  three  or  four.  These  two  cases  imply 


13 


2 


0  , 


=  0  . 


(3.6l ) 


The  non-zero  Christoffel  symbols  are: 


<n>  - 


lllJ 


lllJ 


a 


,2  ’ 


=  a 


,2  ’ 


^,3  ’  ^44^  7  ,k  > 


Uh)  =  i(r  «  +  P  J 


•34 


,3  T 


=  *  (p , .  -  7  j 


14  1 15- 


A  ,y 


{135  =  1  t2a,3  '  r(r,3  '  V1 


(14}  =  i  (2a. u  -  PO  t  -  r .,)] 


,4  ,4  ' ,y 


P,ltfV*,3  > 


7,+7a0-a,  , 


=  a  +  (2a  -  02  -  72)  a  +  p  a 
j  )*-  )  D 


+  7  a  4  -  P  P(1  -  7  7;1 


~\ 


>  (3.62) 


. 
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According  to  (3*45)>  (3*59)  and  (1.13)>  the  field  equations 

reduce  to 

(2-7  ) 

-  f  “)  +  {“H  ?)  =  2  5l  51  . 

ij  _  ip  ajJ  i  j 

)a 

(3.63) 

In  turn 

these  equations  yield 

R11  =V2a  -  (2a  -  p2  -  /2)  a^22  -  a  2(p  ^  +  7  3 

-  4  (e)1(  -  7;3)2  -  23  a  2J  -  2r  a  2U 

(3*64) 

-  (S,3  +  -  2  > 

R12  =  '  a,22  =  0  ’ 

(3.65) 

R13  =  '  a,32  '  4  (7,J  •  ‘UU  =  °  * 

(3.66) 

R1U  =  ‘  a,h2  ‘  i  '  7,3),3  =  °  ’ 

(3-67) 

where 

V2(  )  ^  (  ),J3+'  \kk  ■ 

(3.68) 

taken  to 

The  general  solution  of  (3*65)3  (3*66),  and  (3*67) 

be 

can  be 

a,2  =  “  ?,h  ’  ^7,3  ‘  =  7, 3  > 

(3.69) 

a  2  =  *  5<3  .  4^,3  -  V  '  *  ’ 

(3-70) 

-  3  Ui '  1  •  *  c  . 


c 


?  • 
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P,2  =  °  '  7,2  -  0  . 


(3.71) 


If  the  last  equations  of  (3,69)  and  (3.70)  are  added  one  obtains 


(7  -  7), 2  ~  (3  -  P),^  = 


=  0  . 


(3.72) 


Hence,  there  exists  a  function  9  =  9(x\  x^,  x^)  such  that 


3  -  (3  =  9  ,  7-7  =  0),  • 

>  3 


(3.73) 


The  coordinate  transformation 


-1  1  -2  2  -3  3  -4  4 

x=x  ,  x  =  x  +  9  ,  x  =  x  ,  x  =  x  , 


(3.7*0 


gives  g  the  form 


§ij 


/  2a 
1 
P 
\  7 


1 

0 

0 

0 


3 

0 

1 

0 


y  ' 


0 
0 
1 


(3.75) 


Dropping  the  bars,  the  new  a  ,  3  and  7  will  satisfy 


p,3  =  7,4  ’  P,4 


a  =  -  B 

,2  P,3  ‘ 


7 


,3  ' 


Equation  (3.64)  can  now  be  written 


Vs  a  =  a  2  (P)3  +  r;4)  +  i(P)4  -  r)3)2  +  2P  a  2. 
+27a,24+  (P,J+7,4),1+2  • 


(3.76) 


(3.77) 


. 
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From  (3.7 6)  and  (3.77)  one  obtains 


2  (7  7  ,  ■  P  P  ,  +  P 

>3 


+  X' 


>3 


(3.78) 


or 


-a 


20  -  7  y>k  +  7  J 


(5.79) 


Placing 


U 


7  r,3 


+  X' 


(3.80) 


and 


V  =  13  ^4  "  y  +  >  (3. 81) 

then  (3.77)  may  t>e  written 

\72a  =  U  +  V  .  .  (3.82) 

}  J  ^ 


It  is  easily  verified  that  U  and  V  are  harmonic  conjugates  and 
therefore  satisfy  the  relation 


iv2  (x3  U  +  x^  V) 


uo  +  vo  • 


(3.83) 


Hence,  the  general  solution  to  (3.82)  and  (3.7o)  is 


a  =  i:(x^U  +  x’V)-x2p  +cr  , 


>3 


(3.84) 


where  cr  =  cr(x\  ,  x^)  and  (3  =  |3(x\  x^,  x^)  satisfy 


■ 
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V2  o-  =  V2  0  =  0  . 


(3.85) 


Summary  of  Results 


1.  Ic 

If  the  tensor  w„  w  is  identically  zero,  then  the  space- 


time  structure  is  as  follows^ 


(i)  there  exists  a  coordinate  system  in  which  the  components 


of  g  are  given  by 


8ij  = 


2a 

1 

P 

7 


1 

0 

0 

0 


P 

0 

1 

0 


7  \ 
0 
0 

1  / 


(3.57a) 


(ii)  (3  =  (3(x^,  x3,  x4)  is  an  arbitrary  solution  of 


V  P  =  0  , 


(3.86) 


/I  5  k. 

and  y  =  y(x  ,  x  ,  x  )  is  its  harmonic  conjugate  * 


a-  =  i  ((x^)2  +  (x^)2  +  x^(7  7^-PP,  +  Pi) 


+  x\pp  ^  -  77  ^  +  7  x )}  -  *2  P  ^  +  cr  , 


where  a  =  cr(x\  x^,  x^)  is  an  arbitrary  solution  of 


(3.87) 


V 


a  = 


0  . 


(3.88) 


' 


' 
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Geometric  Implications 
The  equations 


R.  .  =  2w .  w  .  . 

ij  i  J 


(3.26a) 


w.  .  =  a.w,  w .  . 

'  i  j 


(3>0a) 


imply 


R  =  0  ,  R. .  R^k  =  0  , 

ij 


(3.88) 


Rij;k  "  Rik;j  0  ; 


(3.89) 


R.  .  ,  R  Q 

ij;k  a;  3 


=  0  . 


(3.90) 


It  has  been  shown  that  (3.88)  implies  (3.26a).  If  P  is  an  arbitrary 
point,  then  one  can  choose  a  coordinate  system  such  that  the  point- 
forms  of  g  and  Wj,  are  as  in  equations  (3.1)  and  (3.2).  Since 
equation  (3.89)  may  be  written 


w .  (w .  .  -  w.  . )  =  w,  w .  .  -  w .  w .  , 

1  j;k  k;j  k  i$j  j  i;k 


(3.91) 


it  follows  that 


w 


i;  j 


/  CO 

1 

0 

2a, 

2a. 


0 

0 

0 

0 


a, 

0 

0 

0 


a. 

4 

0 

0 

0  / 


(3.92) 


Equation  (3.  90)  reduces  to 
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i 

w 


;P 


o  , 


(5.93) 


and  3  =  k  =  1  yields 

+  \2  =  0  .  (3.9^) 

Hence,  equations  (3.88)  -  (3.90)  are  equivalent  to  (3.26a)  and 

(3,40a),  Since  it  has  been  shown  that  equation  (3.40a)  is  sufficient 

to  guarantee  the  existence  of  a  solution,  one  can  regard  (3.88)  -  (3.90) 

as  a  set  of  necessary  and  sufficient  conditions  that  must  be  imposed  on 

the  curvature  tensor  if  the  space-time  structure  is  to  be  consistent 

i  1c 

with  the  restriction  w. .  wJ  =  0. 
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CHAPTER  IV 

Discussion  of  Case  II 

It  follows  from  chapter  II  that  this  case  is  characterized  by 
the  following  set  of  point  equations: 


w.  . 
ij  J 


a1 

0 

a. 

1 

3 

0 

0 

0 

0 

a 

3 

0 

0 

a 

5 

0 

-a5 

0 

0 

•\ 

0 

> 

a .  = 

1 

(0, 

1,  0) 

} 

11 

•H 

(0, 

(4.D 


(4.2) 


The  equation 


R  —  R„_  +  R»  _ _ »  =  0  • 

22  3223  4224  ’ 


(4.3) 


reduces  to 


a  =  °  . 
5 


(4.4) 


But  if  a  is  zero,  then  the  covariant  form  of  (4.1)  leads  to  the 

5 

following  identity: 


Wi(wj;k  -  HM>  +  wjKji  '  Wi;k> 

+  Vwi;j  -  wj;l)  ■  0  • 


(4.5) 


Hence,  from  the  theory  of  differential  equations  (see  Forsyth  [13])  we 


J  in'-'io'Ui  !>  lo 
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have  that 


w.  =  e  w  . 


(4.6) 


where  t  and  w  are  unknown  invariants.  If  we  choose  a  reference  frame 
such  that  the  expressions 


w1  =  (0,  w2,  0,  0)  , 


(4.7) 


w i  =  (eT,  0,  0,  0)  , 


(4.8) 


are  valid  at  all  points  of  the  space,  then  Maxwell's  equations  imply 


ei  -  e‘T  >\i  * 


(4.9) 


,  -T 

h.  =  e  v 


(4.10) 


A  repetition  of  the  arguments  used  in  chapter  III  lead  us  to  conclude 
that  a  reference  frame  can  be  chosen  such  that  e^  and  h^  are  given  by 


ejL  —  (O*  0,  e  ,  0)  , 


(4.11) 


h.  =  (o,  0,  0,  e“T)  . 


(4.12) 


Finally,  if  we  set 


dx 


w 


2  ' 


(4.13) 


w 


then  equations  (4.8),  (4.1l)  and  (4,12)  will  be  unchanged  and 


will 


.•  •;<  .  e  >•  -•  t 


. 
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simplify  to 

w1  =  (0,  1,  0,  0)  , 


(*.i*) 


since  w  a.  =  1.  a.  will  be  of  the  form 
l  i 


i.  =  (a,  l,  0,  y)  , 


(M5) 


where  a,  (3  and  7  are  unknown  invariants.  We  can  now  use  (2.16) 
to  obtain  a  general  expression  for  the  metric  tensor.  The  results  are 


and 


§ij 


g 


ij 


2a 

1 


1 

0 


3 

0 


13 

0 

-2t 

e 

\  7 

0 

0 

0 

1 

0 

1 

cr 

r  2t 

-3e 

0 

R  2t 
-(3e 

2t 

e 

0 

2t 

-ye 

0 

7 

0 

0 

-2t 


-ye 


0 


2t 


2t 


(M6) 


(M7) 


where 


a  s  -2a  +  e2T(p2  +  ?2)  , 


(*.18) 


T,2  =  0  ' 


(*.19) 


The  last  equation  follows  from  the  condition  w  .  =  0. 


The  non-zero  Christoffel  symbols  are 


-37- 


(,Jj  ,  (,i)  =-i(J0  ,  (jJ)  =  -i  7 


ir  ,2  ’  ly  *  ,2 


>2  ' 


(n]  ■  a,i  -  to,2  •  Pe2T(p,ra,3)  -  ’’e2T(’’,ra,4) 


^  12^  "  a,2  "2  e  ^|3(3,2  +  7y  ,2^  ’ 


[ip  =  a,r^p,2tfT,ri  re2T(r,3 '  V  ’ 


f  2-,  _  I  ..  I  o  2x 

U  i.  J  -  a).  "  2  O’ 


l4J  ~  ,4 


7,2  '¥ 


3e  0^  -  7^)  +  7T^  , 


*•23-*  2  ^,2  ’ 


f  2)  JL 

i24j  =  2  7 


>  2  ' 


[«}  =  P  ,  +  e  2T  T  ,  +  P  T  „  -  7  T 


33'  ^3 


,1  T  H  ',3  '  >  ' 


2  1 

^34}  =  2  (7  ^  +  P^)  +  P  +  7  , 


^44^  =  7 ^  +  e“2T  t }1  -  P  +  7  , 


[n]  =  e2T{p  a,2  +  p,i  -  a,3) 


(j|)  -  2  e  |3>2  .  tjJ)  -  2  e  P|3;2  -  , 


{14}  =  2  e2T(P  r,2  +  P,4  *  7,j)  ’ 


>  (4.20a) 
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{ 


-T 


y 


3  ' 


( 


y 


y 


(Xj}  2  e  (r  t^2  +  7; J  -  P^)  , 

(33}  =  T,4  ’  (?43  =  "T,3  ’  {44]  *  *T,4  • 


From  (4.16)  it  follows  that 


log  g 


-2t  . 


Hence,  the  field  equation  (1.13)  reduces  to 


a 


2t 

e 


One  can  verify  that 


1 

+  2 


e2T[(l l}2f  + 


(7,2)  '  P,23 


R23  "  "  2  P,22  ”  0  ' 

R2ij-  =  '  *  7 ,22  =  °  ; 

R33  =  'v2t  '  (f3,3  +  13  t,3  '  7  \4>,2  +  *  (P,2)2  “  0 


>  A. 20b) 


(4.21) 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

(4.26) 


(4.27) 
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R34  =  '[^r,3  +  P,4^  +  p  T,k  +  7  r,3],2  +  *  ^2  y  ,2  =  ^  > 

(4.28) 

R44  =  -v2j  -  (y>k  -  0  t)5  +  r  q4);2  +l(r;2)2  =  o  , 

(4.29) 

where 

*  t,33  +  T,44  • 

(4.30) 

From  (4.25)  and  (4.26)  it  follows  that 

2  2 

P  =  x  £  +  !0  ,  7=x  q  +  qQ  > 

(4.31) 

13  4 

where  the  |'s  and  q ' s  are  functions  of  x  ,  and  x  . 

equations  (4.27)  -  (4.29)  one  obtains; 

From 

2  1  2 

-^T-|,-gT  +TlTk+2£  =  0  , 

(4.32) 

2  „  1  2 
-VT-q,+|T  -qTk  +  2q  =  0  , 

(4.33) 

-  £(s^  +  n^)  -  £  -  n  i  i  ti  =  0  . 

(4.34) 

2  2 

If  £  +  q  ^  0  these  equations  are  equivalent  to 

=  u  1  “  K1°g(|2+Tl2)];5  +  i[Arctan(q/|  )]^  , 

(4.35) 

T^k  =  i  q  -  itlog(^2+q2)]^  -  a  [Arctan(q/| )]  , 

(4.36) 

V2t  =  ^(|2  +  q2 )  -  i(|  _  +  q  J  . 

>  3  ^ 

(4.37) 

' 
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The  compatibility  equations  for  (4.55)  and  (4.36)  are 


V2  Arctan(i)/0  =  i(n  j  -  6  l)  , 

(4.38) 

Vs  iog(i2  +  n2)  =  3(6  ,  +  n  J  -  (s2  +  n2)  . 

(4.39) 

To  solve  the  above  set  of  equations  it  is  convenient  to  put 

|  =  e  2t  u  ,  q  =  e  2T  v  ,  (4.40) 

In  terms  of  these  variables,  equations  (4.52),  (4.53);  (4.34),  (4.5$); 
(4. 39)  become! 


1/2  2  x  -2t 

U  ^  -  v  ^  =  2  (u  -  V  )  e  , 

(4.41) 

-2t 

u,4  +  v, 3  =  uve  ' 

(4.42) 

V  t  =  i  e  (u  +v  )  -  j  +  T]^)  , 

(4.45) 

2  1 

^7  Arctan(v/u)  =  z(r\^  -  £  ^)  , 

(4.44) 

V2  log(u2  +v2)  =  £  ,  +  q  k  . 

(4.45) 

If  t  is  eliminated  by  combining  (4,4l)  and  (4,42),  the  result  is 

(u2-v2)(u  . +v  )  -  2uv(u  -v  ,  )  =  0  ,  (4.46) 

J  )  D 


and  this  is  equivalent  to 


' 


(  ■  '  -  .(  :■■■■: 


. 


- 


4l- 


V 


2  2  )  3 
U  +v  7 , 3 


u 


2  2  J  . 
u  +v  7 , 4 


=  0 


(4.47) 


2  2 

provided  u  +  v  ^0. 


2  2 

If  it  is  assumed  that  u  +  v  £  0  ,  then  there  exists  a 


cp(x\  x^,  x4)  such  that 


u 


2  2 
u  +v 


=  -cp 


V 


,3  ' 


2  2 
u  +v 


=  -cp 


4  ’ 


(448) 


and  therefore 


-cp 


u  = 


2  2  ' 
*,3+*  4 


-P> 


V  = 


A 


2  2  ’ 

*,3+*,4 


(4.49) 


_2t  2 

e  ^  =  2  V  cp  , 


(4.50) 


V2t 


-4t 


McpJ  +  <pJ) 


"  +  \4^  ' 


(4.51) 


V2  Arctan(cp^/cp^)  =  i (t)  ^  -  £  ^) 


(4.52) 


\72  log(cpJ  +  cpj)  =  i^5  +  T}^ 


(4.55) 


where 


o  2 

2cp  v  cp 

Z-2 

2  2  ' 

*,3  +  *,h 


*1  = 


-2cp^  v  <P 
~2  2 

^5  +  q)4 


(4.54) 


It  can  be  easily  verified  that  (4.51)  and  (4.52)  are  identically 
satisfied.  However,  equations  (4.49),  (4.50)  and  (4.52)  imply  that  cp 


must  be  a  solution  of 


-42- 


2  s2 


_ 2  ,  r , 2  /  2  2m  2(v  cp) 

V  log[V  cp(cp  +  q>  ^ ) ]  +  -*5 — u~ 


=  0 


(4.55) 


*,3  +  q> 


For  every  solution  of  (4,55)  it  is  true  that  a  determination 
of  |  ,  T)  and  t  is  given  by  (4.50)  and  (4.54).  Equation  (4.55)  is  a 
fourth  order  partial  differential  equation  and  its  general  solution  contains 
four  arbitrary  functions.  The  dependence  on  two  of  these  is  easily 
obtained.  If  \<ie  let 


5  .  4 

Z  =  -XT  +  IX  , 


z  =  x^  -  ix 


(4.56) 


then  (4,55)  becomes 


dzdj 


log 


sf<e_  /V\ 

orb'?.  '°v 


-  dzd 


dcp 


-s2 

o  cp 
dzdz 


£!2 

dz 


dz 


=  o  , 


(*.57) 


If  |i  =  |i(z)  ,  v  =  v(z)  are  arbitrary  functions,  then 


jL_  log  (  S>2  S?2 

dzdz  ^  dzdz  dz  dz 


d2cp 

dzdz 


dcp  dcp 
dz  dz 


dp  dv 
dz  dz 


iL  iog  ^ 

N^pdv  dp  dv 


-  dpdi 


2(^ 

^  dydp 

op  ov 


> 


(4.58) 


If  CD  =  cp(p,v)  is  any  solution  of 


-SL  log  f  ^  ^ 

dpdv  ^  dpdv  dp  dv  ' 


^2 
o  cp 

dvdp 


^2 

dp  dv 


=  0  , 


(4.59) 


then 
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cp  =  cp(p(z)  ,  v(z)) 


(4.60) 


will  also  be  a  solution  of  (4.57). 

It  seems  unlikely  that  the  general  solution  to  (4.55)  can  be 
presented  in  any  reasonably  simple  form.  For  example,  if  it  is  assumed 
that  cp  =  cp(x^)  then  (4.54)  becomes'. 


[log  ^35(<p,3)  ],35 


9  «  2 

+  2  (-2-22)  =  o 


9 


>3 


(4.61) 


The  substitution 


9  , 

V  =  , 

’,35 


(4.62) 


reduces  (4,6o)  to 


V,33  -  I  [(V,3)2  -  *3  +  21  “  °  • 


(4.63) 


Equation  (4.63)  is  equivalent  to 


p  d  p  dV 

(p-l)(p-2)  =  “V  ’ 


(4.64) 


where  p  =  V  This  equation  is  easily  integrated  and  the  result  is 
)D 


(p-2  y 

(p-D 


=  c  V 


(4.65) 


where  c  is  an  arbitrary  constant.  It  is  possible  to  integrate  (4.65) 

3 

and  obtain  as  an  explicit  function  of  V,  Unfortunately,  the 

expression  is  too  complicated  to  be  inverted  so  it  is  not  possible  to 


-44- 


obtain  a  general  expression  for  cp  However,  it  is  clear  from  (4.63) 

)  j 

that  two  particular  solutions  are 


V 


+  c  , 


V 


+  c  , 


(4.66) 


and  from  (4.50),  (4.54)  and  (4.62)  it  is  seen  that  these  solutions  lead 
to  the  following  possibilities: 

■x 

(i)  <P  j  =  Cj_  TSf  +  C2  , 


-  \  log(2c1)  , 


I  = 


-2c. 


c1x3+c2 


n  =  o  ; 


(4.67) 


(ii)  cp  =  c1n/2x5+c2 


T  =  -  2  log 


2c. 


n/2x^  + 


(4.68) 


\  = 


-2 


3  ’ 

2xr+c 


n  =  0  ; 


where  c^  is  any  positive  constant  and  c2  is  arbitrary, 


Returning  to  the  general  case,  we  shall  now  consider  the 


equations 


R13  ~  0  '  Rl4  “  0  ’  RH  “  2e 


2t 


(4.69) 


It  can  be  shown  (see  appendix)  that 


-45- 


Ru 

,  2.2  ( 2 )  2 

=  (x  )  Ru  +  x 

R(1)  + 
RU  + 

r(°) 

R11  J 

(4.70) 

R1J 

x2  R(!)  .  R(0) 

-  x  r13  +  13 

y 

(4.71) 

hk 

X2  r(  1  )  +  R<0) 

-  x  RUt  +  r14 

y 

(4.72) 

where  the  new  quantities  are  independent 

of  x2. 

Hence,  we  have 

the 

following  group 

of  equations: 

r(2) 

R11 

-  0  R(l)  - 

-  °  ,  Rn 

0  , 

r(  0  ) 
R11 

=  2e2T  , 

(M3) 

r(  1  ) 

Ri3 

-  0  R(0)  - 

0  , 

(b.lk) 

r(  1  ) 

R14 

-  0  R(0)  - 

0  . 

(**■-75) 

The  quantities 

(2)  (1)  (1) 
Rll  '  k13  '  14 

involve  only 

the  parameters 

%  >  Ti 

and  t.  A  lengthy  calculation  shows  that  every  solution  of  (4.32)  - 
(4.34)  automatically  insures  that  the  quantities  R^2^  ,  R^^  anc^  Rl4^ 
are  identically  zero.  The  computations  which  lead  to  the  explicit 
expression  for  are  extremely  lengthy  and  a  completely  general 

solution  for  this  case  seems  difficult  to  obtain.  However,  it  is  possible 
to  obtain  the  general  solution  for  the  following  two  sub-cases'. 


Case  ( i ) 


a,22  =  0  • 


,(2) 


The  explicit  expression  for  the  equation  R^  '  -  0  is 


V  a,22  "  ^  a,  223  +  11  a,  224  ^  + 


+  a,22[2(^+T‘2)-(^3+T‘,4)]  "  e2T(^4"T‘,3)2  =  ° 


(M6) 


•  -  '  - 1 , 


. 


where 


a 

> 


22 


1  2t 
z  e 


2 


+  n 


-  i 


(4.23a) 


Since  a  ^ 


is  zero,  there  exists  a  function  u 


such  that 


x 


I 


0*. 77) 


and 


2u  =  (u  )2  +  (u  .  )2  .  (4.78) 

)  D  >  ^ 

Equation  (4.78)  implies  that  e  U  is  a  harmonic  function.  Hence,  the 
transformation 


-4 

x 


harm,  conj, 


( 


-u 

e 


) 


(*K79) 


preserves  the  form  of 


have, 


but  in  the  new  reference  frame  we  will 


I 


q  =  0 


(4.60) 


If  (4. bO)  is  applied  to  (4.35)>  (4,36)  the  result  is 


T 


1 

4 


log  X' 


+  V*1) 


(4.81) 


It  can  be  shown  that  there  is  no  loss  of  generality  in  putting 


and 


T)  equal  to  zero.  Hence,  we  have 


' 


47- 


2  -x 

a  =  a^2  x  +  aQ  ,  3  =  > 


(4.82) 


T  =  ^  log  X' 


7  =  0, 


where  a  and  a  are  independent  of  x  ,  Equations  (4,73)  an^  (4.74) 

,2  0 

imply 


a,23  =  Wx?  50,44  ’ 


(4.83) 


a 


,24 


2  (2x5  Iq’4  +  iQ’k^  ' 


(4.84) 


The  integration  of  (ij-,84)  yields 


a 


,2  -  -  *  ^  (^3  so  +  5o,3>  +  £(xl>  x5) 


(4.85) 


1  5 

But  £  can  be  replaced  by  |  plus  any  function  of  x  and  x^  by 
transformations  of  the  form 


2  -2 

x  =  x 


+  h(x1,  x5)  . 


(4.86) 


Hence,  there  is  no  loss  of  generality  in  putting  f  (x\  x^)  equal  to 
zero.  Equation  (4, 85)  may  be  written 


a 


>2  2x? 


f^)3/£  ^0^3  • 


(4.87) 


If  the  above  expression  for  a  is  substituted  into  (4,83)*  the  result  is 

)  £■ 


2  u  3 

7  U  ■  =  0  , 


(4.88) 
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where 


U  ,  60  (x3)3/2  . 


(4.89) 


The  general  solution  to  (4,88)  is 
jt 

u  =  x^  J  [F(x^cos  cp  +  ix^)  +  G(x^cos  cp  -  ix^)]  cos  cp  dcp  ,  (4.90) 

0 

where  F  and  G  are  arbitrary  functions  of  their  arguments.  Hence, 


;  =  -j  /  (F  +  G)  cos  p  dp  , 

0  ^  0J 


JT 


=  -  4  J  (F'  +  G'  )  dcp  . 


(4.91) 


(4.92) 


The  first  equation  of  set  (4,73)  has  been  satisfied  and  the  second  one 
reduces  to  an  identity.  However,  the  third  equation  is 


V2^.^  +  ^b_  .  a+{ 


o  3  /3)2 

X  (x^ ) 


’0,3  >2 


+  2  ^0  a,23  +  *0,13  +  2  ^0,4^ 


(4.93) 


Since  and  a  ^  are  known,  the  general  solution  of  (4.93)  Is 


JT 


=  x^  J  [F*(x^cos  cp  +  ix^)  +  G*(x^ cos  cp  -  ix^)]  dcp 


0 


0 


(4.94) 


+  a 

T  n  > 


where  F*  and  G*  are  arbitrary,  and  is  a  particular  integral  of 


(4.93). 


It  is  interesting  to  note  that  the  field  equations  place  no 
restrictions  on  the  variable  x  , 


Examples : 


(i)  F  =  G  =  constant,  implies 


?0  =  0  ,  a  2  =  0  , 


Tt 


a  =  x' 
0 


J  (p*  +  G*)  dcp  +  2 (x5)2  . 


0 


Henc  e , 


ao  1 


1  0 


0 


0  0 


(ii)  F(cr)  =  G(cr)  =  a(x1)cr 


implies 


l0  =  Jt  a  n/x5  ,  a  2  =  -rt  a  , 


jt 


aQ  =  x5  J  (F*  +  G*)  dcp  +  2(x2)2 


0 


+  2it(a  1 
)  «*• 


y 


f  (4.95) 


(4.96) 


(4.97) 


♦  «  a2)(x5)V2 


-50- 


and 


a^-itax 


gij = 


0 


~^rr  +  Jta  \/x3  0 

X3 


1  0 


-x  /  3 

-=  +  na  vx^ 

x3 


1_ 

s/x3 

0 


0 


0 


0 


1_ 

N / X3 


.  (4.96) 


Case  (ii)  a  22  ^  0  f  V  f  =  0  . 


This  example  shows  that  a  need  not  be  zero.  Since  t  is  assumed  to 
be  harmonic,  a  coordinate  system  exists  in  which 


Sij  = 


2a 
1 

0 

\  7 


1 

0 

0 

0 


0 

0 

1 

0 


7 
0 
0 

1 


(4. 16a) 


and 


w 


.  -  (e  ,  0,  0,  0)  . 


(4.8a) 


2 

As  before,  the  dependence  of  a,  (3  and  y  on  x  is  as  follows! 


2N2  2 


i  /  £\2 

^  =  2  a,22'X  '  +  a! 


x  +  a 


'0  ’ 


(fc.99) 


3  =  X2  5  +  6  ,  r  =  X2  T,  +  n  , 


Equations  (4.32)  -  (4.34)  become 


-51- 


„  i  t2  1  2 

£,.=25  >  Tlk=2rl  * 


6,4  +  \3  *  6  tl  . 


(Moo) 


Assuming  £  q  ^  0  ,  equations  (4, 100)  imply 


e  2  2 

5  '  ~TTT~5  ’  n  1 7JTJ 


cp(x  )-x 


Tp(yr)--x. 


(4.101) 


where  ep  and  tp  are  solutions  of 


V  ^(cp-x5)2  +  cp  Aip-**)*  +  2(^-xH')(cp-x;?)  = 


4n2  4x/„  _3< 


=  0  . 


(4. 102) 


For  an  arbitrary  x^  ,  let  x^  =  ^/(x^),  Equation  (4.102)  then  implies 


ip  (cp  -  x5)2  =  0 

)  j 


(4.103) 


Since  f*  and  q  are  assumed  to  be  non-zero,  it  follows  from  (4,101) 

that  ip  and  cp  ,  are  non-zero.  Hence,  we  conclude 
>  * 


^(cp(x^))  =  x^  . 


(4.104) 


3  4 

By  solving  these  equations  when  x^  =  0  and  x  =  0  ,  it  is  possible  to 
prove  that  the  only  solutions,  (in  the  general  case)  are 


/  3  ,  1  ,  4  v\ 

■p  =  ax^  +  b  ,  cp  =  —  (x  -  b)  , 

gL 


(M05) 


where  a  and  b  are  arbitrary  functions  of  x  .  Since  translations  of 


the  form 


. 
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1?  =  x^  +  fCx1)  ,  x^  =  x^  +  gCx1)  , 


(4.106) 


affect  £  ,  t)q  but  not  |  and  r\  ,  there  is  no  loss  of  generality  by 
assuming 


.  2a  2 

£  “  ~5  3  *  71  "  %  4  ' 

x  -ax  ax  -x 


(4.107) 


i.e.,  we  may  put  b  =  0.  Since 


5  4 

£  dx"  +  T]  dx  =  -2 


5  4 

adx^  -  dx 

3  Ii_ 

ax  -  x 


(4.108) 


the  rotation 


_  3  4 

-3  ax^  -  x 

X'  =  — - 

■J  a2+l 


,  3  k 

-4  x"  +  ax 


x  = 


\l  a2+l 


(4.109) 


implies 


<^(|  dx^  +  dx^)  = 


2 

"*—=■  dx^  +  f(x1,  x?,  x4)  dx^  .  (4.110) 


X' 


Hence,  there  exists  a  coordinate  system  in  which 


I  =  “§  >  T)  =  0  . 

x"7 


(4.111) 


As  in  the  previous  case,  it  is  possible  to  make  a  transformation  which 
reduces  r|  to  zero.  The  net  results  are 

U 


13  =  nr  +  6o  ’  7  =  °  ’ 

X 


(4.112) 


' 
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a 


,22 


(x5)2  ' 


(4.113) 


the  last  equation  being  a  direct  consequence  of  (4.111)  and  (4.23). 


The  equations  =  0  imply 


CL, 


2,3 


1  (  2|0  f 

2  V(x3}2  +  *0,44 


(4.114) 


a. 


'2,4 


-*(¥ 


+  % 


0,34 


(4.115) 


The  solution  of  (4j.lp)  may  be  taken  as 


CL, 


1  (  2^o 

-  2 


x 


3  +  6o,3 


(4.116) 


(again  an  arbitrary  function  is  absorbed  by  an  appropriate  transformation). 
If  this  expression  for  is  substituted  in  (4.114),  the  result  is 


e. 

V  ^0 


21 


0l3 


=  0 


(4.117) 


X' 


The  solution  to  (4,117)  is 


£  -  £- 
x 


(4.118) 


where  H  is  an  arbitrary  harmonic  function.  Once  H  is  specified, 
a<2  is  determined  by  (4,116)  which  reduces  to 


a. 


-1  /  3 


2{tP) 


3^ 


(y-  h)>?  , 


(4.119) 


I 


This 


2t 

The  last  equation  to  be  considered  is  =  2e  , 


leads  to  the  following! 


V 


- 


2  a,  2a, 

2^  +  1°. 


=  2e2T  +2LIV 


0  3  /  2,3 

(x  ) 


+  a2  ^0,3  +  2  ^o,4^  +  ^0,13  ' 


where  t  is  an  arbitrary  harmonic  function.  If  we  let 


F(x1,x^xlt)  s  (2e2T+2i0  cfe  jKfe  l0,3+i(l0,4^0, 13>  ' 


then  (4.120)  may  be  written  as 


V 


2 

u 


The  general  solution  of  (4.123)  is 


u 


2+2 

2 


-75-r)  dzdz  +  z)  +  cp(z) 


where 


3,4  -  3  .  4 

z  =  x  +  ix  ,  z  =  x  -  xx 


(4. 120) 

(4.121) 

(4.122) 

(4.123) 

(4.124) 

(4.125) 


and  the  functions  cp  ,  tjj  are  arbitrary. 


■  '  .  •  •' 
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A  resume  of  the  above  results  is  as  follows!  Let  H  and  r 
be  arbitrary  harmonic  functions,  is  determined  by  (4, 118),  a,^  by 

(4,119)  and  F  by  (4,122).  The  function  u  is  determined  by  (4,124) 
and  <Xq  is  given  by  (4,121).  Hence,  the  general  solution  involves  a 
quadrature  and  three  arbitrary  harmonic  functions. 


then 


Example!  Let  H 


3  4 

a  -XT  x 


and  t  =  0  where 


a 


> 


(4.126) 


,  r  4  2 

-  “3  2  -2(SL)  +  J  a 


(4.127) 


U  =  2 


[ 


2  +  2  a 


z  +  z 


2  ( 


z  -  z 


z  +  z 


^3  J 


dzdz 


(4.128) 


(4.129) 


Since  |  and  a  ^  are  given  by  (4.111)  and  (4.113)  respectively,  the 
final  result  is 


/1 (X2,2  42 

2 (-=)  -ax  x  +  a 

x-5 


•2x  4 

— -  +  ax 

X5 


0 


0 


0 


•2x  4 

+  ax  0 

X5 


0 


0 


.  (4.130) 
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chapter  v 


Discussion  of  Case  III 

If  w1..  is  non-zero,  then  the  equations  of  integrability 
become  rather  unwieldy  and  we  have  not  been  able  to  attain  a  general 
solution  for  this  case.  However,  it  is  possible  to  obtain  a  non-trivial 
solution  if  one  assumes  that  the  following  equations  are  valid  at  P  : 


al 

a 

2 

0 

° 

0 

0 

0 

0 

w .  . 

i;  j 

0 

0 

-a 

2 

J 

l  0 

0 

-a 

5 

-CL  , 
2 

w.  = 
1 

(1, 

0,  0,  0) 

'  ai 

=  (o, 

1,  o. 

0)  , 

e .  = 

l 

(o, 

0, 

l,  0) 

’  hi 

=  (o, 

0,  0, 

1)  . 

(5.1) 


(5.2) 


Equations  (2.2a),  (2.5a)  and  (2.16)  imply 


i;  J 


e .  . 
1}  J 


0 

0 

0 

0 

-al 

•a2 

0 

0 

-pl 

-P2 

'P3 

A 

"r2 

-yki 

pl 

P2 

P3 

0 

0 

a. 

2 

"a5 

0 

0 

0 

0 

"aR 

0 

0  / 

(5.5) 


(5» 
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h.  .  = 

i;  j 


l7i 

o 


0  co 


a 


\  0  0 


0 

0 


a2 

0 

0  / 


(5.5) 


The  R.  .,  .  can  be  obtained  from  the  integrability  equations  (3.19)  - 

l  jki) 

(3.22),  (see  appendix)  and  subjected  to  the  field  equation 


R_  .  ...  +  R.  .  +  R-j.  . ,  +  Ri  .  .i  =  25 *  .6*  .  , 

2ijl  1ij2  3ij3  4ij4  l  j 


(5.6) 


Putting  (i,j)  successively  equal  to  (3,3);  (3>4)  and  (4,4)  yields 


2  R2331  +  \334  =  °  ' 

R234l  +  R1342  =  0  >  (5.1) 

2  R244l  +  R3443  =  0  * 

Hence, 

R2331  =  R2^1  ’ 

(5.8) 

R234l  =  R24l3  * 

The  explicit  expression  for  (5.8)  is 

a2(p3  ‘  V  ‘  a5(r3  +  =  0  » 

a5(P3  -  yk)  +  a2(r3  +  ^1^)  =  0  , 


(5.8a) 
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and  since  a^  is  not  zero  it  follows  that 


$3  =  ’  r3  =  A  • 

Also,  the  expressions 

R2ljk  +  R234l  +  R24l3  = 

R2324  "  R2423 
R1242  +  R32l+3 
R1232  +  %23k  = 


(5.9) 


0 

0 

0 

0 


(5. 10) 


^331  +  r433^ 
R3223  +  R4224 
R2123  "  R2321 
R2124  "  R2421 


0 

0 

0 

0 


(5.H) 


can  be  easily  verified  by  means  of  (5.6).  Relations  (5.10)  and  (5.1l) 
are  equivalent  to: 


a, 

5,1 

= 

2  a5  e3  +  a2 

> 

OJ 

*\ 

= 

5  a2  a5  ' 

a 

5,5 

= 

Par  -  a  B 

2  '2  5  P2 

> 

a_  . 

5,4 

“ 

-2  a  6  -  a  y 

2  P2  5  7 2 

) 

CL 

2,1 

= 

a2(ai  +  2  P3)  -  a^(34 

a,  _ 
2,2 

= 

2  a  2  -  a  2 

2  5 

a 

2,3 

= 

-a2  p2  -  2a5 

> 

2,4 

= 

-a_  70  +  2  a  f3_ 
d  d  yd 

• 

(5.10a) 


>  (5.  Ha) 


J 
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From  the  covariant  forms  of  (5.10a)  and  (5.11a)  we  may  obtain 
expressions  for  a_  ..  and  a.  ...  The  compatibility  conditions 

5;ij  2; l j 


a5;23  "  a5;32  ■  0  ' 

%Sh  -  a5;42  =  0  ’ 

a  -  a  =  o 

2;25  2; 32  ' 

,  -  a_  ,  =  0  . 

2;  2k  2;  42  * 


(5.12) 


imply: 


a  -  2  a„  „  =  a„  a  BA  +  |  y  (a  2  -  a  2)  , 

5  2,2  2  '2,2  2  5  2  '2'  5  2  '  ’ 

2  fl_  _  +  a_  _  =  a_  a.  +  4  B_  (a  2  -  a  2 )  , 

2  2,2  5  '2,2  2  5  '2  2V  2  5  ; 


A 


>  (5.12a) 


a 

B^  _  +  2  a.  _ 

=  8 

a 

a_ 

y  _  -t-  B_ 

a  2  , 

2 

p2,2  5  '2,2 

2 

5 

CVI 

OJ 

2  * 

2a5 

^2,2  ~  a2  ^2,2 

=  8 

a 

2 

a 

5 

P2  ‘  7  2 

<x  2 

2 

J 

By  straightforward  algebra  it  follows  that  the  only  solution  to  system 
(5.12a)  is 

P2  =  0  ,  72  =  0  .  (5.  12b) 

Equations 


<x  ,  -  cx  , 

5;  34  5;^3 

a,  .  -  a  , 

2;^  2;43 


0 

0 


imply 


a5(a5  P3  -  a2  =  0 


(5.  13) 


a5(ax  a2  -  ^) 


0 


(5.  13a) 


+ 
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If  we  now  assume  that  a  is  non-zero  then  the  identities 

5 


a_  -  a  =  0 

5; 13  5; 31 


a  -  a_  ,  ,  =  0 

5;l4  5;4l 


,,  =  0 
2; 13  2;31 


an  ,,  -  a_  ,  _  =  0 

2}  Ik  2;4l 


>  (5.14) 


J 


coupled  with  (5. 13a)  imply 


P3,3 

- 

a2 

^4,3 

-  h 

a_ 

2 

3 3,k  = 

-  ’’i 

a 

2 

P4,4  = 

-  7i 

a 

5 

y 


(5. 15) 


Since  we  are  assuming  that  is  non-zero,  the  last  equation 


of  (5.  13a)  implies 


a  <x  ,  -  a  B  ,  =0 

2  1,4  5  p5,4  u  * 

However,  the  relations 

^131  +  R4l34  =  0  ' 

**2141  +  R3l43  =  0  ' 

R3134  "  R3431  =  0  * 

R4i34  '  R344l  =  0  ’ 


(5. 16) 


>  (5.17) 

J 
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give  us  the  following  set  of  conditions: 


7,  a  -  2  a  3  , 

1  5  c.  L 

.  a  -  2  a_  7.  , 

ip  c  i 

1  a2  ' 

Ia2  • 

However,  (5. 16)  together  with  (5. 17a)  requires  that 


=  0  . 


^  +  Pi  1.  + 

3>5  L*)1*  1^5 

=  71  ' 

3, 4  “  \,J>  +  al,4 

=  -  3 

3A  '  P4,3  +  P5,3 

=  ~  7 

3,3  +  "  P5A 

=  -  3 

A 


>  (5.17a) 


J 


(5. 18) 


If  the  first  equation  in  the  set  (p. lpa)  is  differentiated  with  respect 
to  x*  ,  then  a  ■d  0  implies 

5  ' 


a5  ^3  1  "  a2  ^  1  =  ^  a2  1  ’  ^3  a5  1 


(5. 19) 


Expressions  for  3,  -  and  3,  may  be  obtained  from  the  relations 

J>>  1 


Rpil3  +  r1j-114  "  2  ' 
R3ii4  ”  Ri43i  =  0  ' 


the  results  being: 


*3fl  =  -  V  -  P42  -  1  > 

\,l  =  V2  P3  "  al)  • 


(5.20) 


(5.20a) 
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The  net  result  of  (5.19),  (5.20a),  (5.15a),  (5.10a)  and  (5.11a)  is 


(5.21) 


Much  of  the  preceding  analysis  depended  on 
however,  some  of  the  results  were  completely  general, 
we  present  the  following  recapitulation. 


being  non-zero, 


To  avoid  confusion 


Equations 

implies 


a5  =  0  ,  P2 

=  0  ,  r2 

P4  =  0  ’ 

-  0  >  P3 

a2,l  =  a2(ai 

+  2  P3)  - 

a _ =  2 

2,2  2 

) 

00  =  0  , 

2,5 

a2,4  ■  0  ' 

0„  „  +  a,  _  = 

-  2  0, 

3.3  1,3 

2  1 

p3,4  +  ai,4  “ 

-  2  a2  rl 

P3,4  +  P5,3  = 

-  a2  rl  ’ 

P3,3  "  P5>4  = 

-  a  0 

2  P1  * 

(5.  12  a)  and 

(5.  13a)  are 

a.  ,  +  2  |3,  , 

=  -2  0,  a. 

1,5  3,5 

H1  2 

°1,4  +  2  P5,4 

=  ‘  2  7l  a2 

=  0  , 


> 


) 


J 


identically  satisfied  but 


> 


(5.22) 


(5.  no 


(5.  l^a) 
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The  simultaneous  solution  to  (5.  14a)  and  (^..22)  is: 


P3,3  *  °  ’ 


a  _  =  -  2  (3.  a  , 

IO  -*-2 


_  =  -  7-,  a0  j 

?>3  12 


S,1*  0  * 


al,4  =  -  2  *1  a2  ’  >  (5-  2?} 


P5,^  =  Pla2  •  ^ 


Since 


a,  .  -  a,  ,  _  =  0 

1;34  1;43 


6  .  -  ft  ,  =0 

5;  34  P5,43 


it  follows  from  (52  3)  that 


^1,4  "  ^1,3  ° 


Pi,3  +  ’l,4  =  ° 


(524) 


(5.24a) 


The  first  equation  in  set  (5.24a  )  is  sufficient  to  insure  that  the 
second  equation  of  (5.20  )  is  identically  satisfied,  but  the  first 
equation  of  (5.20 )  together  with  the  second  equation  of  (5.24a)  implies 


h,i  =  P3(P3  •  V  - 


(5.25  ) 


However,  (5.25)  allows  us  to  evaluate 


S;13  "  P3;31  0  ' 


P3;14  "  P3;4i  “  0 


(5.26) 


and  the  results  are: 


'  5 
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V2  a2  p3  '  P3,2>  =  0  ’ 
V2  a2  p3  -  P3,2>  -  0  • 


(5.26a) 


But  the  identity 


R2313  "  R1323  ' 


(5.27) 


gives 


0_  0  =  a,  P  . 

3*2  2  3 


(5.27a) 


Hence,  (5.26a)  reduces  to 


a2  P,  =  0  , 


* i  a2  p?  =  0  ' 


(5.26b) 


Since  is  not  zero  and  (5.25)  demands  that  0^  be  non-zero,  then 

it  follows  that 


P1  -  “  0  • 


(5.28) 


There  are  only  two  more  relations  involving  the  R. .  which 

l  jki/ 

are  not  identically  satisfied,  viz.: 


R12  R2121  +  R3123  +  R4l24 

R1234  "  R34l2  =  °  ’ 

These  equations  reduce  to 


-a  a 
1  2 


a 


(5.29) 


(5.29a) 
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The  integrability  conditions  (3.19)  -  (3.22),  the  identities 
(3.24),  (3.25)  and  field  equation  (3.26)  are  now  expressed  in  terms  of 
the  invariants  a^,  a^,  3^  and  3^.  The  relevant  results  are  contained 
in  the  following  set: 


w.  .  =  oc  w.w.  +ct,  (w.a.  -  e.  e.  -  h.  h.) 
ij  j  lij  2  1  j  1  j  1  j 


(5.30) 


a.  .  =  -  a,  a.w.  -  a  a. a.  -  |3_(e.e.  +  h.h.)  , 

1;  j  1  1  j  2ij  3  1  j  1  j 


(5.51) 


e.  .  =  0_w.  e.+a  a.  e.  +  J3_h.w.  , 

i;j  3  1  j  2  1  j  5  1  j 


(5.32) 


h.  .  =(3  w.  h.+a  a.  h.  -  3-  e .  w .  , 

1JJ  3  1  J  2  1  j  ?  1  J 


(5.33) 


a.  .  =  (a.  .  aJ)w.  -  a.  a_  a. 
l,i  1,J  1  1  2  j 


(5.3*0 


3  =(3  a'*  )w  -  3  co  a 

P5,i  kP5,j  r i  P5  2  aj 


(5.35) 


a2,i  =  a2(al  +  2  P3)W1  +  2  ^  3i 


(5.36) 


P3,i  =  [P3(P3  ‘  al)  ■1)wi  +  a2  P5  ai  • 


(5.37) 


From  (p.30)  and  (5.36)  it  follows  that 


a  .  w .  -  a  .  w .  = 
2,i  J  2, j  1 


-  2  a  (w.  .  -  w .  . ) 

2  1,  J  J,!7 


(5.36) 


This  equation  may  be  easily  integrated  and  the  result  is: 


w .  =  w  .  , 

1  2  ,1 


(5.39) 
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where  w  is  some  invariant. 


form 


If  we  now  choose  a  coordinate  system  such  that 


has  the 


w1  =  (0,  w2,  0,  0)  ,  (5. 4o) 

then  the  fact  that  w1  is  a  null  vector  implies  that  w  is  independent 
of  x2.  However,  for  a  non-trivial  solution  w  must  not  be  a  constant 
and  there  is  no  loss  of  generality  in  assuming  that  w  is  a  function 
of  x1.  Since  is  not  zero,  (5.36)  implies  that  is  a  function 

of  x2.  Hence,  the  coordinate  transformation 


x  =  w 


_p 

x  = 


n/cx. 


=  x* 


X  =  X 


4 


(5.  4l) 


is  permissible,  and  in  the  new  reference  frame 


«,  =  (-  0)  ,  (5.42) 

1  x 

ai =  (i  ^ai *  2IV'  "x2>  °>  °)  •  (5.43) 

Furthermore,  it  is  clear  that  the  reference  frame  may  be  chosen  so  that 

=  (li  0,  -x  ,  0)  ,  (5.44) 

=  (n>  0,  0,  -x  )  ,  (5.43) 


where  |  and  rj  are  as  yet  undetermined. 


The  invariants 


and  tj  are  subject  to 
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equations  (>.30)  -  (5.37  ).  For  example  (5.34  )  implies 


00, 


a 


1,2 


(5.46) 


but  it  places  no  restrictions  on  a  ,  Hence,  the  general  solution  to 

1;  1 

this  equation  is 


a  =  2  x2  , 


(5.47) 


where  is  an  arbitrary  function  of  x  . 


Similarly,  the  general  solution  to  (5.35)  is 


3,  =  3K  x‘ 
5  5 


(5.48) 


3  an  arbitrary  function  of  x\ 


The  result  given  by  (5.37)  is 


p3  =  Pj/x2  - 


(5.49) 


3  being  a  function  of  x‘  satisfying 

5 


3,  ,  =  3  ai  3,  +  1  . 

3,1  13 


(5.50) 


Hence 


s  3A  f  -3A  ,  J. 

3,  =  e*  /  e  dx  , 


(5.51) 


where 


A  =  /  a  dx 


(5.52) 


Since 


< 
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3 


-  e 


J;1 


=  B  F  -  6  *F  . 

P3  ij  P5  ij 


a2(ai 


-  a 


6i} 


(5.53) 


it  follows  that 

«,2  '  t/*“ 

I  ,  =  -  \  x2  (5.5*0 

5,u  -  -  S *2 


and  the  general  solution  to  this  set  is 


„  2,-  3  s  4  x 

5  =  -x  (ax  x-"  +  0  x  +  c1)  , 


(5.55) 


-  c^(x  )  being  arbitrary. 


A  similar  argument  applied  to  h.  .  leads  to 

if  3 


r!  =  -x2(al  x^  -  0^  x5  +  cg)  . 


(5.56) 


Summary  of  Results 

If  space-time  is  such  that  there  exists  a  reference  frame  in 
which  the  components  of  g  are  given  by 


1  0  7  ' 

0  0  0 

0  (x2)2  0  1 

0  0  (x2)2/ 


(5.57) 


where 


a 


3 


7 


(x2)2  (a^ 
(x2)2  (a^ 
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!2  + 

2  + 
X 

„2  2 

3+7 

(  2,2  * 

U  ) 

(5.56) 

x?  + 

+  cx)  > 

(5.59) 

4 

X 

S  x3  +  C2^  ' 

(5.60) 

then  the  electromagnetic  field  is  null  and  the  electromagnetic  tensor  is 
given  by 


F.  . 
ij 


jO  0 

0  0 

-1  0 

0  0 


1  0 
0  0 
0  0 
0  0  I 


(5. 61) 
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CHAPTER  VI 


Cone lusion 

As  mentioned  earlier  in  this  thesis,  Rainich  [6]  presented  a 
formulation  of  relativistic  electrodynamics  in  which  the  classical  electro¬ 
magnetic  field  tensor  played  no  role.  Unfortunately,  the  Rainich 
formulation  is  valid  only  for  non-null  fields  and  fails  to  retain 
meaning  for  null  fields.  This  fact  lead  some  investigators  to  believe 
(see  Rainich  [6],  Witten  [8])  that  nontrivial  null  fields  might  be  of  no 
physical  interest.  Since,  Hlavaty  [9]  has  now  produced  an  equivalent 
formulation  which  includes  the  possibility  of  null  fields,  there  is  no 
reason  why  one  should  discard  such  solutions  on  an  a  priori  basis. 

Although  many  examples  of  null  fields  are  known  within  classical 
electromagnetic  theory,  very  few  are  known  within  the  frame  work  of 
classical  relativistic  electrodynamics.  As  far  as  we  are  aware,  no 
significant  attempt  has  ever  been  made  to  find  all  solutions  of  the  field 
equations  that  determine  null  fields.  All  particular  examples  of  such 
fields  have  been  obtained  by  placing  stringent  a  priori  conditions  on  the 
metric  tensor.  For  example,  Peres  [14]  considered  a  line  element  of  the 
form 

ds2  =  dt2  -  dx2  -  dy2  -  dz2 

(6.1) 

-  2  f(x,y,z+t)  (dz  +  dt)2  . 

This  situation  can  be  shown  to  lead  to  a  special  solution  of  the  type 
considered  in  Case  I,  Also,  Pandya  and  Vaidya  [15]  showed  that  a 
coordinate  system  can  be  chosen  in  which  the  metric  tensor  has  the  following 


representation! 
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a 

0 

0 

0 


0 

0 

-2t 


0 


7  \ 
0 

0 


They  then  assumed  that 


a  =  1 


T 


0  =  0(x\xV) 


7 


k 

x 


)  , 


(6.2) 


(6.3) 


and  obtained  particular  solutions  of  the  type  considered  in  Case  I. 


At  the  outset  of  the  preceding  work,  it  was  our  aim  to 
explicitly  determine  all  solutions  of  the  null  field  equations. 
Unfortunately,  this  objective  was  not  attained.  In  all  but  one  of  the 
different  cases  that  must  be  considered,  the  null  vector  w^  was  the 
product  of  a  scalar  function  and  a  gradient.  There  is  therefore  some 
reason  to  suppose  that  w_^  must  have  this  form  in  all  cases.  If  this  is 
true,  certain  preliminary  calculations  indicate  that  it  might  be  possible 
to  determine  the  general  solution  for  Case  III.  This  would  then  leave 
only  one  sub-case  of  Case  II  left  unsolved,  viz.  the  case  for  which 
V  T  /  0  ,  a  00  /  0.  For  this  case,  we  have  no  suggestion  of  a  possible 
method  of  attack  which  might  yield  the  general  solution. 


Our  procedure  has  produced  extensive  classes  of  solutions  of 
the  equations  that  determine  null  fields.  In  many  of  the  known  solutions, 
harmonic  functions  play  an  important  role.  In  addition  to  these,  our 
procedure  has  produced  extensive  classes  of  solutions  in  which  other 
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functions  play  dominant  roles.  It  is  hoped  that  the  physical  implications 
of  our  solutions  will  be  investigated  and  that  they  will  provide  some 
insight  into  the  physical  nature  of  null  fields, 

A  possible  by-product  of  our  results  is  due  to  Bonnor  [10], 

He  has  shown  that  every  static  solution  of 


1 

+  2 


U 


U  . 
>3 


0  , 


U 


5  i 


=  0 


) 


(6.4) 


leads  to  a  static  electromagnetic  solution  and  a  static  exterior 

gravitational  solution.  Since  the  general  solution  to  (6,4)  has  been 

obtained  for  the  case  when  U  .  is  a  null  vector,  it  is  possible  that 

) 1 

the  solutions  of  Case  I  might  lead  to  some  new  gravitational  and  non¬ 
null  electromagnetic  solutions. 
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appendix 


Part  A 


The  following  set  of  point  equations  apply  to  Cases 


=  (1,0, 0,0)  , 

a^  -  (0, 1, 0, 0)  , 

=  (0,0, 1,0)  , 

h.  =  (0,0,0, 1)  . 

w .  . 

i;  j 


a .  . 

i;  j 


e .  . 

i;  j 


/  ^ 

(X 

2 

a3 

0 

0 

0 

'a3 

0 

"a2 

W 

0 

A 

/° 

0 

0 

-al 

"a2 

-a 

3 

-pi 

A 

-e3 

\-7l 

A 

'r3 

*2 

P3 

a„ 

3 

0 

a, 

2 

0 

0 

0 

w 

-a 

✓ 

d* 

aj 

rl 

y2 

r3 

\ 

0 

a5 

-p5 

0 


a. 


■2a,. 


0 


% 

0 


c 

A 

A 

A 


o 


\ 

/ 


) 


> 


and  III 


>  (A.l) 


(A.2) 


(a.3) 


(A.4) 


(a.5) 


0 
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If  one  introduces  the  vectors 


ai  H  ai  Wi  +  a2  ai  +  a3  6i  +  %  hi  ' 

P.  =  w.  +  P2  at  +  @5  e.  +  h.  , 

7i  5  7 l  Wi  +  7  2  ai  +  73  ®i  +  7k  hi  ' 

h  s  -a3  W1  '  a2  ei  +  a5  hi  ' 

3  -%  wi  -  a5  ei  ’  a2  hi  ' 

h  s  p5  wi  -  a5  ai  +  2\  ei  -  2a3  hi  ’ 


(A. 6) 

(a.7) 

(a.8) 

(A.  9) 

(A.  10) 

(A, 11) 


then  equations 


(A, 2)  -  (A. 5)  may  be  expressed  covariantly  as 


w.  .  =  w.  a.  +  e.  |  .  +  h.  tj  .  , 
i,j  i  J  i  J  i  J 


a.  .  =  -  a.  a.  -  e.  (3.  -  h.  7.  , 
iJJ  1  J  1  J  1  J 


e.  .  =  w.  0 .  -  a.  £ .  +  h.  £ .  , 
i,j  1  J  1  j  1  J 


h.  .  --  w.  7  .  -  a.  n  .  -  e.  t  . 
1,  j  1  j  1  'j  1  j 


(A.  12) 

(A. 13) 

(A. 14) 


(A. 15) 


The  substitution  of  (A, 12)  -  (A. 15)  into  equations  (3.19)  -  (3.2 2) 
yields 


R2ijk 


w .  a  +  e  . 
1  jk  1 


+  h, 


(A. 16) 
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Rlijk  " 

-a.  a  -  e.  P ..  -  h.  y 
l  jk  i  jk  i  jk 

) 

(A.  17) 

R3ijk 

w.  P  ..  -  a.  |  +  h.  ^  . i 

l  jk  i  jk  i  3jk 

) 

(A.  18) 

where 

R4ijk 

Wi  rjk  "  ai  ^jk  “  ei  ^  jk 

> 

(A. 19) 

ajk  $ 

aj,k  "  ak,j 

+  Sj  \  *  ^k  Pj  +  ^j  7k  " 

8  8  ’ 

(a. 20) 

8k  " 

PLk  '  Pk,j 

+  P .  a,  -  p,  a.  +  t  .  y.  - 

J  k  k  j  J  k 

8  8  ’ 

(A.21) 

III 

7Lk-7k,j 

+  7 j  \  -  7k  a-j  -  Cj  3k  + 

8  8  ’ 

(A.  22) 

8k  * 

^ j^k  ‘  *k,j 

+  8  5k  ■  \  8  "  8  8 + 

8  8  ’ 

(A.23) 

in 

f=* 

^k-^J 

+  8  \  -  \  8  +  8  8  - 

8  8  ’ 

(A,24) 

ill 

^j,k  ’  ^k,j 

+  8  \  -  8  8  +  8  8  - 

8  8  - 

(A. 25) 

If  equations  (A, 16) 

-  (A. 19)  are  evaluated  at 

P  we  obtain 

R2112  " 

P 

a  -  a  +  2a  a  -  a 

1,2  2,1  +  1  2  3 

2 

■  ^  > 

(a. 26) 

R211J 

R1^21 

a,  -  a 

3,1 

^1,2  "  ^2,1 

+  2ax  +  2ag  ^  p^ 

+  2PX  a2  +  p^(p2-a^) 

+  a5  rl  ’ 

(A.  27) 

VVV  +  8  8  +  a5  8 


+ 


) 


(A. 28) 
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R21l4  ' 
Rl421  = 


RJ421  “ 
RJ113  = 

R31l4  = 

R1431  = 


al,4  ■  \  i  +  2al  a4  +  2a2  71  -  a3  P5  '  °5  pi  ’  (A>29) 


,2  "  72, 

1  +  2?1  a2  +  r3  (W 

(A. 30) 

+  7k  (72-a^)  -  32  -  a5  > 

R2123  = 

a 

2,3 

-  a3,2  +  2a2  P2  -  a5  72  ’ 

(A. 31) 

R2321  = 

a_  _ 
3,2 

-  WM  -  a5^2'2C%)  ’ 

(A. 32) 

R2124  = 

a2,4 

-  %2  +  2a2  r2  -  a5  P2  ' 

(A. 33) 

R2421 

-  +  a5^2-2a5)  ’ 

(A.  3*0 

R213^  = 

a,  1 
3,^ 

-  <\)3  +  »5(2vw  +  2a2(73'V  ’ 

(A. 35) 

'C  0  -  ar 

5;  2  ^ 

>,1  “ 

3<\  P2  +  3a^  72  +  ax  a2  , 

(A. 36) 

,3  "  P3, 

1  +  5Pi  a3  +  pi  02  "  Val“V 

(A. 37 ) 

+  f\(73+V  +  p5  ^3  ”  2c%  7i  * 

Pl,4  '  \l  +  3f3l  a4  +  P2  71  +  WV 

(A.  38) 

"  VW  +  \  74  +  2a3  7i  ' 

7l,3  ‘  73,i  +  *7i  a3  +  72  h  -  73(arV7^ 

+  +  2a4  P1  ' 


(A. 39) 
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R3123  P2,3  '  ^3,2  +  P2  ■  a5  r3  2a4  r2  ’  (A.^) 

R2331  =  a3,3  ’  a2,l  +  a3  +  a2(al+P3)  "  2<\  '  “5  r3  ’  (A-4l) 

R3124  =  P2,4  "  P4,2  +  p2  7  2  a5  74  +  2a3  72  ’  (A.^) 

R2431  =  a4,5  •  a5,l  +  Ja3  %  +  VW  +  a2  73  ’  (A'4j) 

R3134  =  P3,4  "  P4,3  +  2P1  a;  +  M73_IV 

(A, 44) 

-'^(P3-274)  +  a5(P4+27j)  , 

R5431  =  S%,1  -  P5,3  +  2a5  pl  -  P3  +  ^  73  -  7l  a2  '  (A-45) 

R4ll4  =  71,4  -  74,1  +  \  +  71  72  +  VVV 

(A. 46) 

+  7  (g^-gj)  -  P5  P4  -  2a?  P1  , 

R4123  =  r2,3  -  73,2  +  P2  72  +  a5  P3  +  2a4  p2  ’  (A'47) 

R234l  =  a3,4  +  a5,l  +  3°^  a4  -  +  \  P4  >  (A.«0 

R4124  =  72,4  ■  74,2  +  72  +  a5  p4  -  2a3  P2  ’  (A'49) 

R244l  =  “4,4  -  a2,l  -  2af  +  a4  +  WV  +  a5  P4  ’  (A-5°) 

R4134  =  r3,4  "  r4,3  +  27 1  a5  +  72^73'IV 

-<\(r3+ 2P4)  +  a3(?v 2Pj)  , 


(A. 51) 
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*3441  "  '  P5,4  "  2\l  "  5a3  P4  +  -a3  74  +  27 1  a5  +  a2  pl  ' 


2  2 

R  =  a  2a  +  a 

2323  2,2  2  5  ' 


R, 


=  -  =  -  a  +  3a  a_  , 


2324  "  2423  "  5,2 


R _ .  =  -a^  ,  -  a_  _  +  a,  -  a_  a  , 

2334  2,4  5,3  2  4  3  3 


R3^3  =  'a5,3  ‘  S\s  +  a2^2V72^  - 


2  2 

R  ,  1  =  a  -  2a  +  a 

2424  2,2  *2  5  ' 


R. 


.  =  a^  „  -  a„  ,  -  a^  a„  -  a,  a^  , 

2434  2,3  5,4  23  4  5  ' 


%24  =  -a5,4  +  Sa5,2  ’  W20^  '  V2VV  ’ 

Rjlt3^  =  2[aM  +  a3,3  '  2ai  "  S<XP 

+  2a^(fi^-7^+P^)  -  a2^P3+74)  * 


(A. 52) 

(A. 53) 

(a.  54) 

(a. 55) 

(A.  56) 

(A.  57) 

(A. 58) 

(a. 59) 
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Part  B 


If  the  metric  tensor  is  as  in  (4.16),  then  from  (4.19),  (4.20a), 
(4,20b)  and  (4,22)  it  follows  that 


R 


11 


?T  r  i]  r  2-j  f  3 1  r^i 

-  ,n  "  4iJ,i  '  1 11  ,2  '  1 11  ,3  "  4iJ,4 


+  [(n)  +  +  r^l?}  + 


f  2-|2  r  3 -.2  r  4-|2  r  2-|  r  3l 
+  12  +  ^13^  +  14  +  2  13^  21 


♦  *  [ii]  ■ 


f  (B.l) 


Since  r  is  independent  of  x"  and 


P  =  U  , 


(B.2) 


r  =  n  ^  +  h0  . 


(B.3) 


1  /  2\2  2 
a-  =  2  a;22^X  ^  +  a2  x  +  a0  > 


(B.4) 


where  a^,  a.^,  a  22  *  ^  3  h  >  £q  anc^  hg  are  independent  of  x  ,  it 
f ol lows  from  the  form  of  the  Christoff el  symbols  that 


D  „(2)/  2v2  _(1)  2  _(0) 

R11  =  RU  ^x  '  +  Rii  x  +  Rii  > 


(B.3) 


( 2 )  ( 1 )  (q)  2 

where  R^~  ,  Rj^  and  R^'  are  independent  of  x  .  Also,  straightforward 


computations  show  that 
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R13  "  ”T, 13  +  2  P,21  ~  a,32  ~  T,1 


+  2  e2T[(3(p  2)2  +  7  0  2  7^  +  7^  7^  + 


+  7(7  j-0  i|.)  2  ”  ^  2  7  4  ~  2t  4^7  ^  2~^  7 ,2+,/ ,3~^ 


P(3,23  "  7  P,24  +  P,44  “  7,34^  ' 


Rlk  =  -r  1)t  +  2  7  01  “  a  i,o  “  7  o  T  1  + 


,14  T  “  ',21  ,42  '  ,2  ,1 


+  2  e2r  [7  (7  2)2  +  33  272  +  *32*34  +  ^  4'7  3^  2 


■  r,2  p,3  •  2t,3(PV  '  r  p,2  +  P,l*  - 


yy  ,2k  '  13  7,23  +  r,33  "  • 


From  (B.2)  -  (B,4)  it  is  easily  seen  that 


R  -  R(l)  K2  *  R  0  R  -  0(1)  2  .  R  0 

r13  r15  x  +  R13  >  \h  -  Rik  x  +  ri4  > 


where  R[^  >  Rl4^  ’  R^13  anc^  Rl4^  are  ;*-n<^ePen<^ent:  °f 


>  (B.6) 


>  (B.7) 


(B.8) 


